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NVT Monte Carlo simulations were used to assess the
effective interaction between pairs of colloid particles
dissolved in non-adsorbing polymer solutions. The
polymers were represented as freely-jointed-hard-
sphere chains composed of 10, 20, or 30 segments.
The size of the interacting colloid particles was similar
to or smaller than the radius of gyration of the
polymers.

Results show a short-range colloid–colloid depletion
attraction. At low polymer concentration, this attraction
slowly decays to zero at increasing separations.
At higher polymer concentration, the depletion attrac-
tion is coupled to a mid-range repulsion, especially for
solutions of short, stiff polymers. From the simulated
forces, osmotic second virial coefficients were com-
puted for colloids as a function of polymer concen-
tration. The calculated osmotic second virial
coefficients exhibit a non-monotonic dependence on
polymer concentration, in qualitative agreement with
experimental results.

The simulated colloid–colloid potentials of mean
force were used, within a perturbation theory, to
calculate fluid – fluid and fluid – solid coexistence
curves. The colloids are treated as a pseudo one-
component system, and the polymers in solution are
considered only through the effective pair potential
between the dissolved colloids. When long flexible
polymers are dissolved in solution, the phase diagram
for small colloid particles shows a fluid – fluid
coexistence curve at low colloid packing fraction, and
a fluid–solid coexistence curve at higher packing
fraction. As the size of the colloid particles increases,
the molecular weight of the polymer decreases, or the
polymer concentration in solution increases, the fluid–
fluid coexistence curve becomes metastable with
respect to the fluid–solid coexistence curve.

Keywords: Potential of mean force; Polymer flexibility; Phase
diagrams; Colloid particles

INTRODUCTION

Many industrial processes, particularly in the food
and biotechnology industries, manufacture solutions
containing polymers and other globular particles.
Despite the wide and multidisciplinary interest that
surrounds colloid–polymer systems, much still
remains to be understood before a general theoretical
description can be attempted [1]. The appeal of
understanding and predicting the thermodynamic
properties of these systems stems from economical
and technological reasons, and also from the
challenge of describing multi-component solutions
in which large rigid bodies are dissolved with long
flexible polymers.

Previous theoretical and experimental studies
were dedicated to solutions containing large colloids
and small polymers (i.e. the colloidal limit) [2].
Asakura and Oosawa [3,4] introduced the idea of
depletion attraction between large colloid particles
dissolved in polymer solutions in 1954. Their
thermodynamic model predicts a colloid–colloid
attraction that increases with increasing osmotic
pressure of the polymer solution and decreases with
increasing colloid–colloid separation. These theo-
retical expectations were verified only in the 1980s,
when it was experimentally proved that adding non-
adsorbing polymers to a colloidal solution may cause
the flocculation of the colloidal particles [5,6]. Joanny
et al. [7] showed that as the polymer concentration
increases the range of colloid–colloid interaction
becomes of the order of magnitude of the correlation
length of the polymer solution, less than the radius of
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gyration of the polymers. Mean field theories
suggested that as the polymer concentration
increases the depletion attraction becomes too weak
to induce phase separation [8].

More recently, theoretical and experimental
investigations have been concentrated on
colloidal solutions containing polymers whose
radius of gyration is similar to or larger than the
radius of the colloids (i.e. the protein limit).
For example, Yethiraj et al. [9] demonstrated that
a short-range colloid–colloid depletion attraction
may be associated with a mid-range effective
repulsion. Paricaud et al. [10] examined the
segment/colloid diameter ratio at which fluid–
fluid demixing occurs as a function of the chain
length of the polymer, and they proposed that
demixing is due to the enthalpy rather than the
entropy of mixing.

Among available experimental studies, Ye et al.
[11] examined the depletion interaction between
CaCO3 particles diluted in solutions of poly-
isoprene in decane. Their results showed that the
range of the colloid–colloid depletion attraction
decreases with increasing polymer concentration
and that the colloid–colloid attraction at contact
increases with increasing polymer concentration
until it reaches a maximum. Poon [12] recently
presented a detailed review of the work done on
solutions containing PMMA colloids and poly-
styrene. When PMMA colloids are dissolved in
hydrocarbon solvents, they behave as hard
spheres. As polystyrene is added to the system,
the colloidal fluid–crystal coexistence region is
expanded compared to that of the pure hard-
sphere system for small polymer/colloid size
ratios, but a three-phase coexistence of colloidal
gas, liquid, and crystal phases is observed for large
polymer/colloid size ratios [13]. Kulkarni et al.
[14–17] studied aqueous protein/polymer solu-
tions and isolated the contribution of the depletion
interaction to the effective protein – protein
potential of mean force. They showed that the
depletion attraction follows a non-monotonic
behavior with increasing polymer concentration,
and that the minimum of the osmotic second
virial coefficient is reached at lower polymer
concentrations as the polymer molecular weight
is increased.

At present, molecular-level investigations are
required to fully understand the effect of polymer
length, stiffness, and architecture on the effective
colloid–colloid potential of mean force. Within
the McMillan-Mayer level of description [18], once
the colloid–colloid interaction potential is known,
several theories could be used to obtain densities and
structures of coexisting phases [19]. For example,
Gast et al. [20] applied a second-order perturbation
theory to predict the phase diagram for colloidal

particles in polymer solutions. The model qualita-
tively reproduced experimental results by de Hek
and Vrij [5], but predicted a fluid–solid rather than
a fluid–fluid phase separation. Previous simulation
studies focused on the colloidal limit [21], where the
effective pair interaction is predominantly attractive.
Louis et al. [22] reported lattice simulation results
for colloidal pairs interacting in solutions contain-
ing polymers described as 100-segments-long
self-avoiding walks. Dzubiella et al. [23] reported
integral equation, computer simulations, and phase-
equilibria calculations for the colloid – colloid
depletion interaction when colloids are in solution
with star polymers. Both Louis et al. [22] and
Dzubiella et al. [23] represented the interacting
polymers as soft spheres, hence their results were
predicted by the Asakura-Oosawa model. In a recent
work [24], Bolhuis et al. presented fluid–fluid phase
diagrams, obtained from lattice simulations, in the
protein limit for colloids dissolved in interacting and
non-interacting polymers. Their results indicate a
polymer-mediated depletion attraction between
pairs of colloids in solution that decays with
increasing colloid–colloid separation.

In this work, we use off-lattice molecular-
simulation techniques in the canonical (NVT)
ensemble [25] to study the colloid–colloid inter-
action potential generated by the presence of non-
adsorbing polymers in solution. The systems
simulated consist of pairs of colloid particles
interacting in model polymer solutions. Polymers
are represented as freely-jointed-hard-sphere
chains and are characterized by different flexibility.
All interactions other than excluded-volume are
neglected. Because of computational limitations,
solvent molecules are not explicitly considered,
and consequently results reported for colloid–
colloid forces are to be considered averaged
over the polymer configurations and the solvent-
molecule displacements. The simulated colloid–
colloid potentials of mean force are used to
compute osmotic second virial coefficients
for colloids in polymer solutions and to
predict fluid – fluid and fluid – solid phase
equilibria. In partial agreement with available
experimental data, the calculated osmotic second
virial coefficients exhibit a non-monotonic
dependence on polymer concentration. We discuss
the effect of polymer concentration, polymer
molecular weight, and colloidal size on the
features of the global phase diagrams for colloids
in polymer solutions.

SIMULATION METHOD

The colloid–polymer systems simulated consist
of pairs of hard-sphere colloid particles interacting
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in a box containing freely-jointed-hard-sphere-
chain polymers. Polymers of various flexibilities
are obtained by varying the ratio between
the polymer-segment diameter (s) and the separa-
tion between consecutive segments in a polymer
chain (l). A polymer is flexible when s is
less than l and rigid when s is larger than l.
Simulations were conducted within the canonical
(NVT) Monte Carlo ensemble using this off-lattice
model. The number of particles, the volume
of the simulation box, and the temperature
remained constant throughout the simulation.
A cubic box was considered and periodic boundary
conditions implemented. The simulation-box size
was at least three times larger than the radius of
gyration of the polymers. The largest system studied
contains 230 polymers of 30 segments each in a box
of dimension 32l.

During a simulation run the colloids positions
were maintained fixed while polymer chains were
allowed to move. Trial moves included polymer
translations and pivot moves. The translation
vector was automatically adjusted to give fifty
percent acceptance probability. Polymer confor-
mation changes were obtained with the pivot
algorithm [26]. To improve computational effi-
ciency, the Verlet neighbor-list algorithm was
implemented [27]. Trial moves were accepted or
rejected according to the Metropolis algorithm [25].
Initial configurations were obtained first by
displacing the two colloids at the desired center-
to-center separation, and then by building each
polymer chain within the box up to the desired
concentration.

At every center-to-center separation, the effective
colloid–colloid force was computed following the
method of Wu et al. [28]. The polymer-segment
density was computed around the pair of inter-
acting colloid particles. A virtual plane, that cuts
the simulation box along the main diagonal, was
divided into smaller boxes, and the probability to
find a polymer segment in each box was
computed. A typical equilibration run was about
0.2 billion ð2 £ 108Þ trial-moves long, while a
production run was at least 2 billion ð2 £ 109Þ

trial-moves long. For selected systems, the center
of mass of polymers randomly chosen among the
population was followed during a typical pro-
duction run. At the conditions chosen, it was
verified that polymers are free to move across the
simulation box, except in those regions not
accessible due to colloid – polymer excluded-
volume effects.

Isolated polymer conformations were generated
using the ensemble-growth algorithm [29,30] to
obtain the polymer radius of gyration at infinite
dilution. An ensemble of 10,000 polymer chains
was considered for each polymer built. Results for

the radius of gyration squared reported in Table I
are the average of five runs (see Ref. [31] for
details).

SIMULATED COLLOID–COLLOID
INTERACTIONS

Results presented are discussed in terms of polymer-
segment number density (rPl 3) computed as:

rPl 3 ¼ Nnp
1

Vbox
l3; ð1Þ

where N is the number of segments in a polymer
chain, np is the number of polymer chains in the
simulation box, and Vbox is the simulation-box
volume.

Results obtained for the colloid–colloid force
when the interacting colloids (IC) are in solution
with small hard spheres (SHS) are shown in Fig. 1
as a function of the reduced center-to-center
separation r/D. Results presented in Fig. 1 satis-
factorily reproduce those reported by Dickman et al.
[32]. The ratio between the diameter of the colloids
(D) and that of the SHS equals 5 and the SHS
number density is 0.225. As shown in Fig. 1, the ICs
experience a depletion attraction at short separa-
tions, coupled with repulsion at intermediate
separations. The repulsion is due to accumulation
of SHS in the region between the interacting colloids
(Fig. 2). In fact, SHS accumulate at short distances
from the ICs. While for r=l ¼ 5:2 (Fig. 2a) the region
between the colloids shows a depletion of SHS,
at r=l ¼ 6:0 (Fig. 2b) there is a significant accumu-
lation of SHS between the ICs. The depletion of SHS
between the colloids generates an effective colloid–
colloid attraction, while the accumulation of SHS
determines the repulsion.

Results for the colloid–colloid forces when the ICs
are dissolved in polymer solutions are also shown
in Fig. 1. Polymers considered were 10-, 20- and
30-segments long. The features of the colloid-colloid
force profile change significantly when the SHS are

TABLE I Results obtained for the sample-averaged radius of
gyration squared ðkR2

glÞ for the polymers considered in this work

s/l N kR2
gl=l 2 q

0.4 20 4.06 ^ 0.02 0.80
0.8 20 6.21 ^ 0.04 0.99
1.0 10 2.85 ^ 0.01 0.68
1.0 20 7.30 ^ 0.06 1.08
1.0 30 12.35 ^ 0.13 1.41
1.2 20 8.47 ^ 0.05 1.16

Angular brackets denote sample-averaged results. s/l is the ratio between
the polymer-segment hard-sphere diameter and the separation between
consecutive segments in a polymer chain. N is the number of segments in
the polymer chain. q is the ratio between the radius of gyration of the
polymer and the radius of the colloid when D ¼ 5l: When q equals 0.68
results here reported are not in the protein limit.
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connected to form polymers. The intensity of both
the attractive force at contact and of the mid-range
repulsion seems to decrease, while the range of
the colloid–colloid depletion interaction increases.
As predicted by the Asakura-Oosawa model, the
depletion attraction at contact scales with the osmotic
pressure of polymers in solution [3,4]. The osmotic
pressure depends on the number density of
molecules, which decreases when the SHS are
connected to form polymers at fixed polymer-
segment volume fraction. In addition, a non-
adsorbing polymer is repelled from a hard surface
for entropic reasons (see, for example, Ref. [33]
and references therein), thus the attractive colloid–
colloid force at contact is lower when the SHS are
connected forming polymers than when they are free
in solution. However, it should be noted that the
depletion force at contact does not scale linearly with
the concentration of polymers. The results in Fig. 1
also show that as the polymer length increases, the
colloid–colloid repulsion decreases and is shifted to
larger separations because of excluded-volume
effects. In fact, for entropic reasons polymers are
excluded from the region between the ICs and the
force profile cannot show mid-range colloid–colloid
repulsion when the polymers are sufficiently large.
The range of polymer-mediated colloid–colloid
depletion attraction depends on the size of polymers
in solution, thus it is longer for larger polymers.

Results for the effective colloid–colloid force when
the ICs are in solution with 20-segment-long polymers
characterized by different stiffness (s/l ratios) are
shown in Fig. 3. The polymer-segment number density
equals 0.225 and the diameter of the colloids is 5l.
Polymer-colloid size ratios q ¼ Rg=RC (where RC is
the radius of the colloid) are included in Table I.
The colloid–colloid depletion attraction at contact
increases with increasing polymer stiffness because
flexible polymers are more strongly repelled from hard

surfaces compared to stiff polymers. Also, as the
polymer stiffness increases, the mid-range repulsion
rises. When s , l; no colloid–colloid repulsion is
obtained at the considered polymer-segment number
density, and the colloid–colloid depletion attraction
gradually decreases in intensity and reaches zero
asymptotically. However, when s ¼ l; a very weak
colloid–colloid repulsion is obtained at a reduced
center-to-center distance (r/D) of about 1.5.
In qualitative agreement with theoretical calculations
for colloid-rod solutions [34], when s ¼ 1:2l;
the colloid–colloid repulsion at r=D , 1:3 becomes
significantly large. This unexpectedly large repulsion
is probably due to the fact that stiff polymers may be
trapped in the region between the interacting colloids.
The range of colloid–colloid attraction increases with
polymer stiffness because the polymer radius of
gyration increases accordingly (see Table I). The results
shown in Fig. 3 qualitatively agree with theoretical
calculations for the effective pair potential of mean
force for colloids dissolved in rod solutions [35]. In fact,
even small amounts of rods in solution could generate
significant colloid–colloid mid-range repulsions [35]
that may be the cause of the stabilization of several
metastable states observed in colloidal science [36].

Polymer-segment density profiles around a pair
of interacting colloids in solutions containing
20-segment-long polymers when D ¼ 5l and s ¼ l
for rPl3 ¼ 0:225 are shown in Fig. 4 at r=l ¼ 5:1
(Fig. 4a) and 6.0 (Fig. 4b). The polymer-segment
density around the colloids, and in particular in the
region between the ICs, is less than the bulk average;
hence the colloid–colloid effective interaction is
attractive.

Polymer-segment density profiles around a pair of
ICs are shown in Fig. 5 for colloids dissolved in
20-segment-long, rPl3 ¼ 0:225; s ¼ 1:2l polymer solu-
tions. At r=l ¼ 5:1 (Fig. 5a), the depletion regions of
the two colloids overlap, and an effective attraction

FIGURE 1 Effective colloid–colloid force between pairs of D ¼ 5l colloids interacting in polymer solutions. Diamonds are for colloids in
rPl 3 ¼ 0:225 solution of small hard spheres (solid symbols are results from this work, open symbols are from Dickman et al. [32]). Squares are
for colloids in rPl 3 ¼ 0:30 solution of 10-segments-long polymers, triangles are for colloids in rPl 3 ¼ 0:225 solution of 20-segment-long
polymers, and circles are for colloids in rPl 3 ¼ 0:10 solution of 30-segment-long polymers. In all cases,s=l ¼ 1:0:Lines are guides for the eye.
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arises as discussed earlier (Figs. 2a and 4a). At r=l ¼ 7:0
(Fig. 5b), the segment-density profile indicates that
the depletion regions are beginning to overlap;
nevertheless some regions of higher polymer-
segment density can be identified between the
interacting colloids. As a consequence, the colloid–
colloid interaction at that separation is repulsive,
as shown in Fig. 3. At r=l ¼ 8:0 (Fig. 5c), the depletion
regions around the ICs do not overlap, and the colloids
no longer interact with each other.

Results obtained for the polymer-mediated
colloid–colloid force for ICs dissolved in 20-seg-
ment-long polymer solutions at different polymer
concentrations are shown in Fig. 6. Polymers of
different stiffness are considered. Figure 6a is for
s ¼ l and Fig. 6b is for s ¼ 1:2l; the colloid diameter
is D ¼ 5l in both cases. As the polymer concentration

increases, the depletion force at contact increases
because the osmotic pressure of the polymer solution
increases. Our results show that for both polymers,
the range of the depletion attraction decreases as the
polymer concentration increases, and that mid-range
repulsion arises. The peak of the colloid–colloid
repulsion is shifted at shorter separations as the
polymer concentration increases. While the repul-
sion is not significant for s ¼ 1:0l at all polymer
concentrations considered, it becomes unexpectedly
marked for s ¼ 1:2l and rPl3 ¼ 0:30; probably
because stiff polymers may be trapped between
the ICs (see Fig. 5). Our results qualitatively
agree with experimental observations according to
which colloidal solutions flocculate at low polymer
concentration due to depletion attraction, but may
be stable at higher polymer concentrations due to

FIGURE 2 Small-hard-sphere density profiles around the pair of interacting colloids at center-to-center separation r=l ¼ 5:2 (a) and
r=l ¼ 6:0 (b). Different colors represent different surface densities in the range 0 4 0.046, 0.046 4 0.092, 0.092 4 0.138, 0.138 4 0.184,
0.184 4 0.230 segments/l 2, as graphically illustrated in the inset. Conditions are those for Fig. 1. (Colour version available online.)
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short-range attraction coupled with mid-range
repulsion [35–38].

From numerical integration of the simulated force
profiles, it is possible to obtain the polymer-
mediated colloid–colloid potential of mean force
W

pol
simulated as a function of separation. The contri-

bution due to polymer-mediated interactions of
the second osmotic virial coefficient (Bpol) can be
obtained as:

Bpol ¼ 2p

ð1
1

~r2 1 2 exp
2W

pol
simulatedð~rÞ

kT

" # !
d~r ð2Þ

where k is the Boltzmann constant, T is the absolute
temperature, and ~r is the reduced colloid–colloid
center-to-center separation r/D. Negative Bpol

indicates an effective colloid–colloid two-body
attraction, while positive Bpol indicates an effective
colloid–colloid repulsion. Results for the colloid–
colloid osmotic second virial coefficient B (obtained
summing the hard-sphere contribution 2/3pD 3 to
Bpol) as a function of polymer-segment number
density are shown in Fig. 7 for D ¼ 5l colloids
dissolved in 20-segment-long polymer solutions
with s ¼ l or s ¼ 1:2l: For both cases, our results
indicate that low concentrations of polymers in
solution reduce the hard-sphere repulsion between
colloids. However, if the polymer concentration is
increased, Bpol becomes positive (especially when
s ¼ 1:2l). At larger concentrations, our results
suggest that the osmotic second virial coefficient
may become negative (especially for s ¼ 1:0l),
inducing an effective attraction between interacting
colloids. Results shown in Fig. 7 are in qualitative
agreement with theoretical predictions by Tuinier
et al. [39], and by Chatterjee and Schweizer [40], and
could partially explain results for the osmotic
second virial coefficient for proteins in aqueous

polymer solutions that show a minimum as the
polymer concentration is increased [14–17]. How-
ever, it should be stressed that our calculations
intentionally neglect important colloid–colloid and
colloid –polymer interactions (electrostatic and
hydrophobic interactions, preferential adsorptions
of polymers, solvent effects, etc.) that may also be
responsible for the non-monotonic dependence of
the osmotic second virial coefficient on the
concentration of polymers in solution.

Results for the polymer-mediated colloid–colloid
force when colloids of different sizes are dissolved in
solutions of 20-segment-long, s ¼ 1:2l; rPl 3 ¼ 0:10
polymers are shown in Fig. 8. At the conditions
considered, simulation results do not provide evidence
of colloid–colloid repulsion, but only of polymer-
mediated depletion attraction. Our results indicate
that the depletion force at contact is larger for large
colloid particles. The reason for this result may be two-
fold. Firstly, when larger colloid particles are dissolved
in a simulation box of fixed volume, the volume
available to polymer chains is reduced, thus the
effective polymer concentration and the osmotic
pressure increase. Secondly, the probability to find
polymer segments in the region between the ICs is
lower when large colloid particles are approaching
than when small ones are, hence the depletion
attraction is larger. It should also be noted that results
in Fig. 8 indicate that the range of polymer-mediated
depletion attraction increases significantly as the size
of the colloid particles decreases.

PREDICTED PHASE DIAGRAMS AND
DISCUSSION

Within the McMillan-Mayer level of descrip-
tion [18], colloid–polymer–solvent systems are

FIGURE 3 Colloid–colloid force as a function of center-to-center separation for pairs of colloids in rPl 3 ¼ 0:225; 20-segment-long
polymer solutions. Polymers of different stiffness are considered. Squares are for s=l ¼ 1:2; circles are for s=l ¼ 1; diamonds are for
s=l ¼ 0:8; and triangles are for s=l ¼ 0:4: Lines are guides for the eye.
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here approximated as pseudo one-component
systems, in which the colloid particles are treated
as the pseudo pure component and polymer chains
and solvent molecules are considered as a smeared
continuum. The effect of polymers in solution is
considered only through the effective colloid–
colloid potential of mean force obtained through
the simulations previously discussed.

Molecular van der Waals models are used
to describe both the fluid and the solid phases
at equilibrium. The reference fluid consists of the
hard-sphere system described by Carnahan and
Starling [41]. The random-phase approximation is
applied to compute the Helmholtz free energy for
the fluid phase. The free energy for the solid phase

is obtained within a cell theory by considering the
crystal as a perfect lattice [42]. The cell theory was
considered through the improvement due to Velasco
et al. [43] that yields a satisfactory agreement
between simulation and theory for the free energy
of hard-sphere solids [44]. For both phases the
perturbation follows from the simulated pair
potentials of mean force. Contributions due to
three- (or higher-) body interactions to the free
energy are neglected. By assuming that the same
potential of mean force represents colloid–colloid
interactions in all phases at equilibrium we imply
that the polymer concentration is similar in all
phases. This approximation is reasonable at low
polymer concentrations, such as those considered

FIGURE 4 Polymer-segment density profiles around the interacting pairs of colloids at two colloid–colloid center-to-center separations
r=l ¼ 5:1 (a) and r=l ¼ 6:0 (b). Different colors represent different surface densities in the range 0 4 0.046, 0.046 4 0.092, 0.092 4 0.138,
0.138 4 0.184, 0.184 4 0.230 segments/l 2, as graphically illustrated in the inset. Polymers considered are 20-segment long, with s ¼ l;
D=l ¼ 5:0; and polymer-segment number density in solution is 0.225. (Colour version available online.)
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FIGURE 5 Polymer-segment density profiles around interacting pairs of D ¼ 5l colloids at colloid–colloid center-to-center separations
r=l ¼ 5:1 (a), 7.0 (b), and 8.0 (c). Different colors represent different surface densities in the range 0 4 0.046, 0.046 4 0.092, 0.092 4 0.138,
0.138 4 0.184, 0.184 4 0.230 segments/l 2, as graphically illustrated in the inset. Polymers considered are 20-segment long, with s ¼ 1:2l;
and rPl 3 ¼ 0:225: (Colour version available online.)
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here. More rigorous studies have been applied to
directly assess the polymer/colloid composition
of the two fluid phases at equilibrium either
by molecular simulation [24] or by theoretical

calculations [10]. Rather than investigating the
composition of the two fluid phases in equilibrium,
we are here more interested in understanding under
which conditions a fluid–fluid rather than a fluid–
solid demixing takes place in colloid/polymer
mixtures. The compositions of different phases at
equilibrium are obtained by imposing:

~Ti ¼ ~Tj
~Pi ¼ ~Pj ~mi ¼ ~mj; ð3Þ

where ~T; ~P; ~m are reduced temperature ð ~T ¼ kT=1Þ;
pressure ð ~P ¼ rC=r

0
C1Þ; and chemical potential

ð ~m ¼ m=kTÞ: r0
C is the one-colloid density, 1, equal to 1

kT, is used to normalize all colloid–colloid interactions,
and subscripts i and j stand for the two phases.

The perturbative colloid–colloid potential of mean
force W pert is obtained as the sum of a dispersive
term W disp responsible for van der Waals attrac-
tions, and a polymer-mediated term W pol that
approximates the simulated colloid–colloid effective
interactions:

W pertð~rÞ ¼ W dispð~rÞ þ W polð~rÞ: ð4Þ

FIGURE 6 Colloid–colloid force for pairs of D=l ¼ 5 colloids dissolved in 20-segment-long polymer solutions as a function of polymer
concentration. (a) For s=l ¼ 1:0 polymers (diamonds are for rPl 3 ¼ 0:225; squares are for rPl 3 ¼ 0:30; triangles are for rPl 3 ¼ 0:45).
(b) Fors=l ¼ 1:2 polymers (diamonds are forrPl 3 ¼ 0:10; squares are forrPl 3 ¼ 0:225; triangles are forrPl 3 ¼ 0:30). Lines are guides for the eye.

FIGURE 7 Colloid–colloid osmotic second virial coefficient B as
a function of polymer-segment number density in solution.
Diamonds are for D ¼ 5l colloids in 20-segment-long s ¼ 1:0l;
squares are for D ¼ 5l colloids in 20-segment-long s ¼ 1:2l
polymer solutions. Data for the colloid–colloid potential of
mean force are derived numerically from results shown in Fig. 6.
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A pair of similar colloid particles in solution
experiences an attractive potential due to dispersive
interactions. An inverse-power potential that decays
with the sixth power of the colloid–colloid center-to-
center separation is used to describe these interactions:

W dispð~rÞ ¼ U1ð~rÞ ¼
1 ~r , 1

211
~rn1

~r $ 1

8<
: ð5Þ

In our calculations, 11 is 1 kT, and n1 is 6. The
polymer-mediated term W pol is approximated as the
sum of one attractive and one repulsive inverse-
power potential:

W polð~rÞ ¼ U2ð~rÞ þ U3ð~rÞ; ð6Þ

where

U2ð~rÞ ¼
1 ~r , 1

212
~rn2

~r $ 1

8<
: ; U3ð~rÞ ¼

1 ~r , 1

13
~rn3

~r $ 1

8<
: ; ð7Þ

n2, n3, 12, and 13 are parameters representative of the
range and of the strength of colloid – colloid
interaction. These parameters are fitted to the
simulated colloid–colloid potentials.

Reduced pressure and chemical potential for
colloids in the fluid (Eqs. (8) and (9)) and in the
solid phase (Eqs. (10) and (11)) are:

~pfluid

~T
¼ hC

1 þ hC þ h2
C 2 h3

C

ð1 2 hCÞ
3

2
1
~T

11

1

12h2
C

ðn1 2 3Þ

þ
1
~T

12

1

12h2
C

ðn2 2 3Þ
2

1
~T

13

1

12h2
C

ðn3 2 3Þ
ð8Þ

~mfluid ¼ ln r0
CL

3
	 


þ lnðhCÞ þ
4hC 2 3h2

C

ð1 2 hCÞ
2

þ
1 þ hC þ h2

C 2 h3
C

ð1 2 hCÞ
3

2
1
~T

11

1

24hC

ðn1 2 3Þ

þ
1
~T

12

1

24hC

ðn2 2 3Þ
2

1
~T

13

1

24hC

ðn3 2 3Þ
2 1 ð9Þ

~psolid

~T
¼ hC

1

1 2 1
~R

2 hC
Zlattn1

6

1
~T

11

1

1
~Rn1

þ hC
Zlattn2

6

1
~T

12

1

1
~Rn2

2 hC
Zlattn3

6

1
~T

13

1

1
~Rn3

ð10Þ

~msolid ¼ ln r0
CL

3
	 


þ lnðhCÞ2 lnð8Þ

2 3 ln 1 2
1
~R

� �
þ

1

1 2 1
~R

2
Zlatt

2 ~T

11

1

1
~Rn1

2
Zlattn1

6 ~T

11

1

1
~Rn1

þ
Zlatt

2 ~T

12

1

1
~Rn2

2
Zlattn2

6 ~T

12

1

1
~Rn2

2
Zlatt

2 ~T

131

1

1
~Rn3

2
Zlattn3

6 ~T

13

1

1
~Rn3

ð11Þ

hC is the packing fraction of colloids in solution
ðhC ¼ prCD3=6Þ; rC is the colloid number density,
L is the thermal wavelength, Zlatt is the coordination
number of the lattice assumed for the solid, and ~R is
the center-to-center distance between colloids in the
solid phase. Assuming that the solid phase is a
perfect crystal, ~R is a function of the colloid number
density in the solid and of the close-packed density,
r

cp
C ; of the crystal considered:

~R ¼
rC

r
cp
C

 !21=3

¼
hC

h
cp
C

 !21=3

: ð12Þ

The close-packed packing fraction h
cp
C equals

0.74048 for Zlatt ¼ 12 (face-centered cubic unit cell)
and 0.6800 for Zlatt ¼ 8 (body-centered cubic unit cell).

Fluid–fluid and fluid–solid phase coexistence
curves for D ¼ 5l colloids in solution with
no polymer, 10-segment-long, s ¼ l; rPl3 ¼ 0:30

FIGURE 8 Colloid–colloid force as a function of center-to-center reduced separation for pairs of colloids in rPl 3 ¼ 0:10; s=l ¼ 1:2;
20-segment-long polymer solutions. Colloid particles of different sizes are considered. Diamonds are for D=l ¼ 2:5; squares are for
D=l ¼ 5:0; and triangles are for D=l ¼ 7:5: Lines are guides for the eye.
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polymers, and 30-segment-long, s ¼ l; rPl3 ¼ 0:10
polymers are shown in Fig. 9. The lattice coordi-
nation number for the solid is Zlatt ¼ 8: When no
polymers are in solution, the van der Waals model
predicts a fluid–fluid coexistence curve that lies at
lower packing fraction compared to the fluid–solid
coexistence curve. Because the range of the polymer-
mediated colloid–colloid depletion potential is short
at the conditions considered in Fig. 9 (potentials are
derived from simulation results shown in Fig. 1), as
polymers are dissolved in solution, the fluid–solid
coexistence curve is shifted at higher reduced
temperatures. However, while the fluid – fluid
coexistence curve is stable when 30-segment-long
polymers are in solution, it becomes metastable
when 10-segment-long polymers are added to the
system. Our results show that as the intensity of
the depletion attraction at contact increases, the
fluid – fluid coexistence curve may become
metastable depending on the range of the polymer-
mediated colloid–colloid potential of mean force.
In particular, small amounts of short polymers can
have a dramatic effect on the features of the phase
diagrams for colloids.

Fluid–fluid and fluid–solid coexistence curves for
colloids in 20-segment-long, s ¼ 1:2l; rPl3 ¼ 0:10
polymer solution are shown in Fig. 10. Colloids
considered have different diameters: D ¼ 2:5l or 7.5l.
For comparison, predictions for the phase diagram of
colloidal systems in the absence of polymers in
solution are also shown in Fig. 10. The coordination
number assumed for the crystal is Zlatt ¼ 12: Under
the conditions considered in Fig. 10, when no
polymers are in solution the fluid–fluid coexistence
curve is metastable with respect to the fluid–
solid coexistence curve. When small colloids are

dissolved in polymer solution, because of long-range
polymer-mediated colloid–colloid depletion inter-
actions, the fluid–fluid coexistence region becomes
stable with respect to the fluid–solid coexistence
curve. Vice versa, when large colloids are dissolved
in short polymer solutions at similar conditions,
because of short-ranged depletion interactions, the
fluid–solid coexistence curve is shifted at higher
reduced temperatures, and the fluid – crystal
coexistence region is expanded. Our results quali-
tatively agree with experimental results for PMMA
spheres in solutions containing low- or high-
molecular-weight polystyrene [13].

CONCLUSIONS

Effective interactions were computed by Monte
Carlo simulations in the canonical ensemble between
pairs of hard-sphere colloid particles dissolved
in freely-jointed-hard-spheres polymer solutions.
Polymers considered were 10-, 20-, or 30-segment
long and characterized by different flexibility.
The size of the interacting colloid particles was
similar to or smaller than the radius of gyration of the
polymers.

Pairs of colloid particles in polymer solution
experience a depletion attraction that may be
coupled with mid-range colloid–colloid repulsion
when concentrated solutions of short rigid polymers
are considered. The depletion attraction is long-
ranged when colloids are dissolved in solutions
containing long polymers. As polymer concentration
increases, the depletion attraction at contact
increases, but the range of the interaction decreases.

Simulated forces were used to compute the
osmotic second virial coefficient for colloids.

FIGURE 9 Global phase diagram for D ¼ 5l colloids in polymer
solution. Continuous line is for fluid–fluid phase coexistence;
black dotted lines are for fluid–solid phase coexistence when no
polymers are in solution; blue and red lines are for fluid–solid
coexistence curves for colloids in rPl 3 ¼ 0:10; 30-segment-long and
in rPl 3 ¼ 0:30; 10-segment-long polymer solutions, respectively.
Temperature is reduced by the fluid–fluid critical temperature TC.
Lattice coordination number for the crystal is Zlatt ¼ 8: Colloid–
colloid potentials of mean force are from results shown in Fig. 1.
(Colour version available online.)

FIGURE 10 Global phase diagram for colloids in s ¼ 1:2l; rPl 3 ¼
0:10; 20-segment-long polymer solution. Continuous line is for
fluid–fluid phase coexistence; black dotted lines are for fluid–
solid phase coexistence when no polymers are in solution; blue
and red lines are for fluid–solid coexistence curves for D ¼ 2:5l
and D ¼ 7:5l colloids, respectively. Temperature is reduced by the
fluid–fluid critical temperature TC. Lattice coordination number
for the crystal is Zlatt ¼ 12: Colloid–colloid potentials of mean
force are from results shown in Fig. 8. (Colour version available
online.)

ATTRACTION AMONG COLLOIDS IN POLYMER SOLUTION 447

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
3
1
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



In qualitative agreement with available experimental
data, our results indicate that the depletion term of
the osmotic second virial coefficient follows a non-
monotonic behavior as polymer concentration
increases. Simulated pair potentials were used,
within a perturbation theory, to predict fluid–fluid
and fluid–solid coexistence curves for colloid
particles in polymer solutions. The customary
phase diagram is predicted when colloids are
dissolved in solutions containing long flexible
polymers, but as the polymer concentration
increases, the polymer length decreases, and/or
the polymer stiffness increases, the fluid–fluid
coexistence curve may become metastable with
respect to the fluid–solid coexistence region.
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